We consider the problem of the existence of uniquely partitionable planar graphs. We survey some recent results and we prove the nonexistence of uniquely (D 1 ,D 1 )-partitionable planar graphs with respect to the property D 1 "to be a forest".
Introduction and notation
Let us denote by I the class of all simple nite graphs. A graph property is any isomorphism closed nonempty proper subclass P of I. A graph property is said to be hereditary if whenever G 2 P and H G (H is a subgraph of G), then also H 2 P and P is additive if P is closed under disjoint union of graphs.
Every additive and hereditary property P is uniquely determined by the set F (P) of its minimal forbidden subgraphs. A property P is said to be degenerate if there exists a bipartite graph in F (P) , very degenerate if there is a forbidden tree for P and defective if the forbidden tree is a star K 1;n .
The lattice (L   a   ; ) of all additive and hereditary graph properties partially ordered by set-inclusion is investigated in the survey 5].
For an arbitrary hereditary property there exists a number c(P ), called the completeness of P de ned in the following way: c(P ) = maxfk : K k+1 2 Pg. It is easy to see that the unique hereditary additive property whose completeness is zero, is the property of all edgeless graphs, denoted by O, while the class D 1 of all acyclic graphs has completeness 1. Let P 1 ; P 2 ; : : : ; P n be properties of graphs. A vertex (P 1 ; P 2 ; : : : ; P n )-partition of a graph G is a partition fV 1 ; V 2 ; : : : ; V n g of V (G) such that each partition class V i induces a subgraph G V i ] of property P i ; i = 1; 2; :::; n: A graph G is said to be uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable if G has exactly one vertex (P 1 ; P 2 ; : : : ; P n )-partition. Let us denote by P 1 P 2 : : : P n the class of all graphs which have a vertex (P 1 ; P 2 ; : : : ; P n )-partition and by U(P 1 P 2 : : : P n ) the set of uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable graphs.
Some basic results on uniquely partitionable graphs may be found in 11, 10, 14, 4, 5, 7, 12] It is easy to prove that if P 1 ; P 2 ; : : : ; P n 2 L a , then P 1 P Theorem 1 Let P 1 ; P 2 ; : : : ; P n be irreducible properties of graphs. Then the property R = P 1 P 2 : : : P n is generated by the class U(P 1 P 2 : : : P n ) of uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable graphs. Moreover the factorization of R = P 1 P 2 : : : P n into irreducible factors is unique apart from the order of the factors.
A necessary and su cient condition of the existence of uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable graphs in general is presented in 6] .
In this paper we consider the problem of the existence of uniquely (P; Q)-partitionable planar graphs for P; Q 6 = O. We 
Existence of uniquely partitionable planar graphs
Since the maximal uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable graphs generating the property R = P 1 P 2 : : : P n are joins of graphs of order at least 3, they contain subgraphs isomorphic to K 3;3 and therefore they are not planar.
The problem of the existence of uniquely (P 1 ; P 2 ; : : : ; P n )-partitionable planar graphs has been investigated in 9] and 8]. In this section we summarize the known results: Proposition 1 9] Let P 1 ; P 2 ; : : : ; P n be any additive and hereditary properties of graphs. Then 1. if U(P 1 P 2 : : : P n ) \ P lanar 6 = ;, then n 4 2. U(P 1 P 2 P 3 P 4 )\P lanar 6 = ; if and only if P 1 = P 2 = P 3 = P 4 = O. Theorem 2 9] If F (P) contains a star K 1;k+1 ; k 1 (i.e. P is defective), then there exists a uniquely (O; P)-partitionable outerplanar graph G. Theorem 3 9] If c(P ) = 1 and F (P) contains a tree T (P is very degenerate), then there exists a uniquely (O; P)-partitionable outerplanar graph G. They also present a construction of uniquely (P; Q)-partitionable planar graphs for properties of completeness 1 provided that one of them is very degenerate:
Theorem 6 From now on we assume that G is a triangulation, and together with its planar embedding we also draw the planar dual G in the natural way (one dual vertex inside each face, one dual edge crossing each edge of G, no two dual edges cross, each dual edge lies in the interior of the quadrangle formed by the union of the corresponding two triangles). Note that jV j = n, jEj = jE j = 3n ? 6, jV j = 2n ? 4, and G is 3-regular. Denote E 3 := E n (E 1 E 2 ). 2 Lemma 2 We have jE 3 j = 2n ? 4, and G i is connected for i = 1; 2.
Proof. The inequality jE 3 j 2n ? 4 follows from the fact that the edges of E 3 form a planar bipartite graph on (at most) n vertices. This also implies jE 1 j + jE 2 j n ? 2. On the other hand, G 1 and G 2 are acyclic, therefore jE 1 j + jE 2 j = n ? c, where c 2 is the number of connected components in G 1 G 2 . As G 1 and G 2 are vertex disjoint, this implies c = 2 and connectivity for both G i .
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Denote by E 3 the set of dual edges corresponding to E 3 .
Lemma 3 The edges of E 3 form a Hamiltonian cycle in G .
Proof. As the vertex set of each triangle of G is 2-colored, each triangle contains precisely two edges of E 3 . Therefore, E 3 forms a 2-regular subgraph in G . We have to show that it consists of precisely one cycle. Observe that the cycles of E 3 are drawn as mutually disjoint Jordan curves, therefore k such curves divide the plane into k + 1 regions. By the conventions as G is drawn, each region contains at least one vertex of G, therefore k = 1 follows from the fact that each G i (i = 1; 2) is connected. Proof. By Smith's theorem, every edge of a cubic graph is contained in an even number of Hamiltonian cycles. We have already found one, namely E 3 , in the graph G . Choosing one of its edges arbitrarily, we nd a second Hamiltonian cycle, say E 0 3 . Finally, taking any edge in the symmetric di erence of E 3 and E 0 3 , we get a third cycle.
The proof of Theorem 8 will be completed by the following observation. Theorem 9 5] Let R 1 and R 2 be additive degenerate hereditary properties and suppose that P 1 P 2 R 1 R 2 for P 1 ; P 2 2 L a . Then P 1 R 1 and P 2 R 2 or P 1 R 2 and P 2 R 1 .
